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ABSTRACT 

Making use of the perturbation method baaed on the 
nonlinear differential equation theory, the present work 
investigates the classical motion of a relativistic elec- 
tron in a class of curved magnetic fields which may be 

written as BbB( 0,B^,0) in cylindrical coordinates (R,^,z). 

Under general astro physical conditions the author derives 
the analytical expressions of the motion orbit, pitch angle 
eto. of the electron in their dependence upon parameters 
characterizing the magnetic field and electron. The effects 
of non-zero curvature of magnetic field lines on the motion 
of electrons and applicabilities of these results to astro- 
physics are also discussed. 

INTRODUCTION 

In astrophysics, some curved magnetic fields with sufficiently 
small field gradients may approximately be written in a local coordi- 
nate system as 

B-B(0,B y ,0), B )f »B 0 >0, (1) 

where Bq is a constant, and (R,^p,z) denote the cylindrical coordinates. 

The classical notion of a relativistic electron of charge -e in the 

field (1) can be exactly solved by the topological method, which was 

1 9 
investigated by the author in some detail. The purpose of the present 

paper is to find further the analytical solution for the motion, and 

then to extend the results to more general magnetic fields. In the * 

following treatment, the influence of the radiation damping will be 

neglected. 

RESULTS 

By virtue of the assumed ( without loss of generality ) initial 
position and velocity 

? |t*0 - ? o( R 0»°»°)* *|tdO - ^o( V RO’ V fO’ V zO>» < 2 ) 

the first integral of the equation of motion for a relativistic elec- 
tron in the field (1) may be put into the form 
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d 2 R/dt 2 + U) 2 R - RqV 2 0 /R 3 +^(VV>/“> b ). 

R 2 df/dt - Rq^q, 

dz/dt « -WhCR-Ro-v^/Wh), 

in which ®B 0 //mc is the relativistic cyclotron frequency t 

Lorentz factor* and Rq the curvature radius of the field line 


(3) 

( 4 ) 

(5) 


through 


Using the perturbation method 


y the 
passing 
based on 


the initial point. 

2 

Poincare' theory to solve the nonlinear autonomous equations (3)-(5)» 


with the initial conditions (2) and 

Am?c/ t o b R 0 « 1 , 0 iO *S 

A- v /e* fto 


where 


( 6 ) 


,2 

nO 1 




2 xl/2 


A?o “ Apo* 


a condition that is adequately met in astrophysics, we get the equa- 
tions of electron trajectory which* up to and including of the second 
order in JJL f are 


(R/R 0 )-1±M[(P z0 /£)td( p //0 /£ ) 2 J ( 1 -cos ui t )+>A(p R0 //3 )sin uj t , (7) 

(*-« c * J/R q^M [( j5 z0 //5 )+^( A //0 /A ) 2 ]* in w t->x(^ R o//3 ) ( 1 -cos W t ) , (8) 

y-(1- 2M$ %0 /P)u> J)0 ti'2/ (P //0 /£) [(p a0 //5)sin wt-(^ R0 /^)(1-cos wt)] , (9) 

where 


to«(1+3 tt c =- ~M M \Po&uo/fr * ^0™ V y0^®0* 

On differentiating (3)» (4) and (3) with respect to the time* one can 
obtain further the analytical expression of the electron velocity. It 
is apparent from (7)-(9) that the motion of the electron in the field 
(1) may be represented as the superposition of both the helical motion 
with gyration radius 


pmJl Ly 


+ 2fk' 


A A 


2 a 2 

rAi .0 2 / 

♦ A ( 


Axo 


a!o- 


A 4 A 2 


)] 1/2 . 


and the curvature drift motion with drift velocity u . 

c 

The pitch angle of an electron moving in a curved magnetic field* 
y * and its mean value if * defined as 

f- Bin~\-yfJain Z yd(Mt)]^ 2 t 

are oustomarily calculated in the reference frame where the drift velo- 
city of the electron vanishes. Following this convention* the pitch 
angle for the electron in the field (1) is found to be 
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2 2 2 

• AoArt) 3 z o n .A/oAzo a 0ro . .oi /.-.v 

Y * * iB “-"[1+M 2~( 1+ — 2^ “J U ‘T'( — cos to t— sinuot)], (10) 

P /5AiO P 0 0 

.ln- 1 (p io /p)[UM(/5. 0 4o/w!o)( 1 * /O 2 /)]- (") 

In particular, for an electron in typical curvature motion, correspon- 
ding to £ ao «| 0 //O J, the eqs. (10) and (11) reduce to 

» ( /+ 2^ 0 /! 5 + ^ 0 // 3 2 ) 1/2 . ( 12 ) 

DISCUSSION 

In topics concerned with the properties of the motion and radiation 
of a relativistic electron in a magnetic field what is taken into 
account is usually the influence of radiation damping on the motion and 
pitch angle (the so-called "radiation compression")^, and sometimes 
other effects like the magnetic lens. However, our results show that 
for a relativistic electron in typical curvature motion the influence 
of the curvature of magnetic field lines is also important. 

The latter influence will become quite clear in the special case 
v x q= 0 associated with primary particles flying out along magnetic field 
lines from the surface of pulsars. In this case, from (12), 1 This 
indicates that owing to the effect of the non-zero curvature of field 
lines, the initial motion of the electron, even if the initial trans- 
verse velocity vanishes, can not generally be maintained, but have to 

develop into the helical motion with the pitch angle and the gyra- 

2 ' 

tion radius , plus the curvature drift. Another special case occurs 

2 2 

in v^qbV^q* f!> m -jxv for which the pitch angle of the electron is 

strictly equal to zero. 

It oan be expected that these results should be conducive to calcu- 
lating or predicting synchro-curvature radiations from some nonthermal 
sources, and oould exert an influence on the process of the electron 
momentum distribution "one-dimensionalization" along curved magnetic 
field lines due to radiation damping. Furthermore, when the effect of 
radiation damping is taken into account, it may be easily deduced ^ 
that, as the result of the "radiation compression", a relativistic 
electron in the field (1) should move approximately along Cornu spiral 
in the guiding center frame, and tend finally towards the limiting 
motion corresponding to the latter special case mentioned above. 
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So far wo have found the analytical solutions for a relativistic 
electron moving in the field (1). Let us consider now the class of 
curved magnetic fields 

B - B(0, 3 r 0), By/B 0 - (R/R q ) N (13) 

(where N is a real constant ), which is more general than the field (1) 
and reduces to (1) at N=0. Most of commen curved magnetic fields with 
axial symmetry in astrophysics such as the dipole magnetic field may be 
expressed by ( 13 ) in a local frame of refrenee if only the magnitude of 
the field gradient along magnetic field lines is negligibly small. To 
maintain the fields ( 13 ), there must be electric currents flowing in 
the direction parallel to z, the density j" of which is given by 

t/i 0 - (R/R 0 ) N ’ 1 V *0 " (N+1 )cB 0 /4irRo, (14) 

where Jq denotes the current density at the initial point. In applica- 
tion one can select a confiquration of magnetic field from ( 13 )» ( 14 ) 
so that it is appropriate for the considered astronomical object. It 
may be verified that under the condition 

l»l« A' 1 , for P x0 ~|/3 //0 |. 

2 -1 05 ) 

l»l« (M\P z0 \/P>+* ) • f° r 0io«IA/ol 

preceding results based on the field (1 ), provided u)= will continue 
to be valid for the fields ( 13 ). 
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